We present theoretical, numerical, and experimental analyses on the non-linear dynamic behavior of superparamagnetic beads exposed to a periodic array of micro-magnets and an external rotating field. The agreement between theoretical and experimental results revealed that non-linear magnetic forcing dynamics are responsible for transitions between phase-locked orbits, sub-harmonic orbits, and closed orbits, representing different mobility regimes of colloidal beads. These results suggest that the non-linear behavior can be exploited to construct a novel colloidal separation device that can achieve effectively infinite separation resolution for different types of beads, by exploiting minor differences in their bead's properties. We also identify a unique set of initial conditions, which we denote the ''devil's gate'' which can be used to expeditiously identify the full range of mobility for a given bead type.
Introduction
The flux of objects through periodic potential energy landscapes under the action of external driving force has implications in a number of physical systems, including atom migration on crystal surfaces, 1 the motion of charge density packets in solids, 2, 3 the movement of vortices in type II superconductors, 4 fluid driven movement of colloidal particles through optical and magnetic lattices, [5] [6] [7] [8] [9] as well as various problems in the life sciences and chemical kinetics. 10 From a physical standpoint, these are fascinating non-linear dynamic systems where small changes in a driving parameter can lead to abrupt changes in the pattern of synchronization of the object relative to the underlying lattice. Arnold's tongues and devil's staircases are names used to describe these different regimes of synchronization. Each step of the ''devil's staircase'', for example, represents a regime where the object's motion is entrained between two driving frequencies of integer ratios. These systems are both physically intriguing as well have practical interest in applications ranging from magnetoresistance 2, 3 to colloidal separation.
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In our past work on the motion of superparamagnetic beads above a periodic micro-magnet array driven by an external rotating field, we noticed that nearly ''infinite separation resolution'' between two different types of colloidal beads could be achieved by adjusting the external driving frequency. Specifically, at certain driving frequencies, one type of colloidal bead translated across the array, but another type was effectively immobilized, rocking back and forth about an equilibrium position above one magnet. At that time, we were unsure whether this behavior was caused by magnetic forcing dynamics or stick/slip behavior and surface adhesion effects. Recent numerical analysis of this problem in 1-D revealed that our previous experimental results could be explained by the magnetic forcing dynamics. 7 These simulations predicted a devil's staircase hierarchy of the bead's motion with respect to the driving frequency of the rotating field. At very high frequencies, the bead is in a dynamic regime where its time-averaged velocity is zero and it executes a closed spatially bounded orbit. When the driving frequency is reduced below a critical threshold, the bead abruptly begins to move across the array, executing a subharmonic orbit which is spatially unbounded. As the driving frequency is further reduced, the bead moves from one subharmonic regime to another where its time-averaged velocity transitions between different integer ratios in the process of ascending the devil's staircase. The sub-harmonic orbits persist until the driving frequency is reduced below a critical threshold, in which the bead becomes completely phase-locked with the driving frequency and moves with a time-averaged velocity that is linearly dependent on the driving frequency.
Here we provide experimental evidence that phase-locked, sub-harmonic, and closed orbits can be observed in a system of superparamagnetic beads moving in a traveling wave. We also employ asymptotic methods to develop a theoretical proof on the existence of closed orbits, and we directly identify the initial conditions of all possible closed orbits that can exist in any experimental system. We provide a stability analysis to demonstrate which initial conditions would lead to stable vs. unstable orbits. At high frequencies, our theoretical results precisely match the numerical simulations, in which each set of initial conditions corresponds to a closed orbit at a particular driving frequency. At lower frequencies, where the asymptotic assumption breaks down, theory diverges from simulation. However, we discovered that as the frequency was reduced further, the theoretical result and numerical simulation again intersected at a unique set of initial conditions which serve as the transition point between the dynamic regimes of sub-harmonic and closed orbits, i.e., the entrance of the devil's staircase hierarchy. For this reason, we denote this set of initial conditions as the ''devil's gate''. Practically, the devil's gate is the set of initial conditions that can be used as a starting point in a numerical simulation to identify the frequency range for which the bead's motion becomes unbounded (sub-harmonic orbits) or remains spatially bounded and effectively immobilized (closed orbit). This discovery is not only of practical interest in improving the design of future magnetic separation systems, it also may be relevant to other fields which experience synchronization with multiple traveling waves.
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Theory
Since our experimental system consists of a square lattice of micro-magnets uniformly magnetized along the same direction, we can approximate the field as that produced by a 2-D array of point poles with duty cycle g ¼ 2pd mag /d representing the ratio of the micro-magnet diameter, d mag , to the lattice period, d. Due to the fixed uniform magnetization within the array, the pole sign oscillates along the x-direction but retains its sign along the y-direction. Thus, we can write the pole distribution as a Fourier expansion:
where x x ¼ 2px/d represents the dimensionless x (or y, z) position of the bead center relative to the underlying period, with the origin chosen as one of the positive poles. The experimental parameter l 0 ¼ M r h/d is the effective pole density of the substrate, and is a function of the remnant magnetization,M r , and the height of the micro-magnets is h. Fig. 1 shows the motion of a superparamagnetic bead undergoing one cycle of the external rotating field in the phase-locked regime.
The field produced by the substrate can be determined through separation of variables and matching the boundary conditions of (1). The resulting field of the micro-magnet array in combination with the external magnetic field H ext rotating in the xz-plane at a driving frequency u is given by eqn (2), where a n;m ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi (2) reduces to a 1-D array of line poles when m ¼ 0 is the only surviving term along the y-direction, leading to the corollary expression described in our previous theoretical work. 7 The magnetic force on a linearly magnetizable spherical bead is computed using the well known expression for the force on a point dipole in the presence of a magnetic field gradient,
cVH is the dipole moment of the bead, which is a function of the bead's volume V and the total magnetic field at the bead center, H. The material property of the bead c is accounted for in the effective susceptibility c that includes corrections for the bead's spherical shape. In order to simplify this problem, we utilize several constraints. First, the bead is assumed to be in contact with the surface at all times (i.e., x z ¼ 2pb where b ¼ a/d is the ratio of bead radius, a, to lattice period, d), which is a reasonable assumption because the force in the z-direction is usually negative. Second, we recognize that the direction of the external field will tend to restore the bead Fig. 1 This figure depicts the phase locked motion of a superparamagnetic bead exposed to a periodic array of micro-magnets and an external rotating magnetic field. The bead is attracted to the region of strongest magnetic field, whose location shifts continually across the substrate as the field completes one revolution of the rotating field (a-d). Corresponding locations in the experimental images are also shown in the right column. In the illustration, the long arrows represent the rotating field while the short ones represent the magnetostatic field. to the y-axis, which allows us to set x y ¼ 0. Finally, we consider the case where the external field dominates the substrate's field (H ext > l 0 ), leading to the following x-force:
where (3) it is clear that the forcing terms in the summation represent the superposition of multiple traveling waves of different directions and spatial frequencies.
The bead's velocity as a result of the external force in the overdamped limit (in which inertial terms are ignored) can be written as: dx x /dt ¼ F(x x ,t)/6pha where the friction coefficient on the particle is assumed to be Stoke's drag on a sphere in a fluid of dynamic viscosity h. Hydrodynamic effects due to the bead's proximity to the wall are not taken into account; however, this would result merely in multiplication of the friction coefficient by a constant since the bead's vertical position does not change.
Previously, we demonstrated how this equation can be re-cast in the form of a simple non-linear harmonic oscillator for a 1-D line pole distribution when only the first term in the expansion (n ¼ 1) is retained, 6 leading to the result: d4=dt ¼ sin ð4Þ À u=u C , (dimensionless timet ¼ tu c ), where the critical frequency for the present 2-D system is approximated by:
Assuming only the first term in expression (3) is retained, the phase velocity can be integrated analytically, and after transformation back into real space, the resulting bead velocity is given by:
which demonstrates the bifurcation in the relationship between velocity and frequency. As shown in (5), above the critical frequency (u > u c ) when the bead enters the phase-slipping regime, its time-averaged forward progression is positive over all finite driving frequencies. However, when the full expression (3) is numerically simulated both for 1-D line pole and 2-D point pole distributions, sub-harmonic spatially unbounded orbits and closed spatially bound orbits are observed at finite frequencies.
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In order to derive an approximate analytical expression and prove the existence of closed spatially bounded orbits, we solve the bead dynamics by using eqn (3) and an asymptotic approach for very high frequency. The solution strategy makes use of the transformation:
This relationship permits eqn (3) to be integrated analytically for the asymptotic limit, u [ n _ x x . A bead is considered to be trapped in a spatially bound orbit if it returns to its original position after one half cycle. By using this supposition as the endpoints of the integration, we obtain the following relationship:
where the coordinate pairs (x 0 ¼ 2px 0 /d, d 0 ¼ ut 0 ) represent the initial conditions (i.e., position and time) that produce a closed orbit. Conceptually, this is the equilibrium position that the bead visits twice during each complete driving period. By reorganization of (7), we discover a direct relationship between all possible equilibrium positions and initial temporal phases, i.e., a relationship between x 0 and d 0 , which allows us to identify all of the possible closed orbits, using the following relationship:
n,a À1 n;m f n;m sin
The stability of each set of equilibrium orbit locations can be analyzed through a Poincar e cross-section of the bead's trajectory over an integer ratio of a complete driving cycle. In this approach, we assume that the bead is originally displaced from one of the identified initial conditions (x 0 , d 0 ) by a small amount, say x x ¼ x 0 + 3, where 3 is a small perturbation. By making use of the identity eqn (6) and integrating over one half cycle, we can determine the trajectory of the perturbation over each cycle which is governed by the differential equation:
where L is given by:
Eqn (9) has the general solution:
where N is the number of half driving cycles. When L is negative, the orbit is stable, otherwise it is unstable. See Discussion section.
Experimental
Our experimental system used an array of 4.9 mm circular micromagnets spaced with 8 mm periodicity on a square lattice, which was produced by the conventional photolithographic lift-off technique described elsewhere. 6 The thickness of the magnets was maintained at $50 nm, and the magnitude of the rotating field was H ext ¼ 20 Oe. The experimental system consisted of mixing the magnetic beads at a sufficiently dilute ratio and placing in a fluid cell of 100 mm thickness and total area of 1 cm 2 . The external field was applied using an apparatus reported previously. 6 The trajectories of superparamagnetic beads with a nominal diameter of 2.7 mm (M-270 Dynabeads, Invitrogen), corresponding to a value of b ¼ 0.17, were tracked using a Leica a and d) . At a driving frequency of 1.85 Hz, the bead's motion is in a sub-harmonic locking state, characterized by superimposed rocking motion and periodic escapes from one magnet to the next, shown in (b and e). At this frequency, the bead's motion is extremely sensitive to the driving frequency, which makes it difficult to precisely control the velocity in the sub-harmonic range since any small fluctuation in the magnetization of the micro-magnets can dramatically change the subharmonic orbit. We present a numerically simulated velocity of hVi ¼ 1/3 in order to capture the main features of the experimental trajectory. At a driving frequency of 2.15 Hz, the bead is in a closed orbit state (c and f). Experimental and numerical phase portraits (velocity vs. position) are embedded in each of the figures. In the numerical simulations, we also include a phase portrait in polar coordinates to clearly display the periodicity of the motion. Due to the low sampling rate of our camera, we were unable to capture the fine details of motion. To deal with this issue, the experimental positions were averaged over the nearest two time points, in effect acting as a smoothing filter, in which case the gross experimental behaviour matched simulations reasonably well. DM microscope and Simple PCI video tracking software. The experimental trajectories for the driving frequencies of 1.35 Hz, 1.85 Hz, and 2.15 Hz are provided in Fig. 2a-c , along with the experimental phase portraits, which depict the velocity vs. position. Clearly, the bead is in a phase-locked mode at 1.35 Hz, moving at a normalized velocity of hVi ¼ 1, which is the speed of the first harmonic of the traveling wave (see Video S1 †). For frequencies slightly above 1.85 Hz the bead is observed to undergo sub-harmonic phase-locking, where it alternates between rocking and traveling motion in a periodic fashion. Due to slight variation in the magnetization of the micro-magnets along with thermal fluctuations, the orbit is not perfectly subharmonic as is evident in Fig. 2b . For example, the bead moves a distance of one magnet for each of the first two cycles, after which it becomes trapped periodically for several cycles when moving past the next three magnets. In this case, the time-averaged velocity is hVi ¼ 1/2 (see Video S2 †). At 2.15 Hz and above, the bead exhibits pure rocking motion about a single magnet in a closed orbit. Due to thermal fluctuations, the bead occasionally escapes out of the closed orbit, as can be seen in Fig. 2c ; however, when it arrives at the next magnet it re-enters the closed orbit and rarely escapes (see Video S3 †).
Results and discussion
We adjusted our simulation parameters to match the experimental results in Fig. 2a-c . The corresponding trajectories for each frequency are provided in Fig. 2d -f, along with a phase portrait plotted in both the Cartesian and polar coordinate system. The polar plot in particular shows that the orbits are indeed closed. All simulations were performed in FORTRAN. In our simulations, we assumed the bead susceptibility and fluid viscosity were: c ¼ 0.16 and h ¼ 0.011 Poise in order to reflect the experimental system parameters. Clearly, the simulated trajectories and phase portraits are found to be very similar to experimental observations, providing further evidence that both the sub-harmonic and closed orbits result from magnetic forcing terms as opposed to stick/slip motion with respect to the substrate. The parameter l 0 ¼ 2.58 Oe produces the best fit between theory and experiment, corresponding to a value of M r ¼ 413 Oe, which is a reasonable value for substrate magnetization but lower than the saturation magnetization of Cobalt. The discrepancy may be due to a slightly higher friction coefficient in the experiments when the beads are close to the surface, or due to slightly non-uniform magnetization of each micromagnet. An example of the normalized velocity vs. frequency distribution is provided in Fig. 3 , which is a typical devil's staircase hierarchy. The normalization procedure consists of taking the ratio of the numerically computed velocity of the bead to the equivalent velocity of the driving frequency. When the Fig. 3 For b ¼ 0.17, the normalized average velocity, hVi, of the bead drops from 1 to 0 by increasing the driving frequency only 0.01 Hz. Within this tiny increment, the velocity undergoes the devil's staircase hierarchy from 1/1 to 1/N, which is extremely sensitive to the driving frequency. normalized velocity is 1, the bead is in the phase-locked regime, which occurs below 1.846 Hz. As the driving frequency is further increased, the normalized velocity of the bead becomes entrained in integer ratios of 1/2, 1/3, and so on, representing different plateaus in the devil's staircase hierarchy. Above a critical driving frequency, the bead's velocity becomes zero as it enters a stable closed orbit, occurring at approximately 1.852 Hz.
In Fig. 4a , we show the initial conditions (d 0 , x 0 ) that would produce closed orbits derived from eqn (8) as a function of different bead sizes (i.e., different b). Two characteristic regimes are observed. A monotonically increasing relationship is observed for b > 0.24 (Case I), which is representative for a large bead whose diameter is larger than the micro-magnets. For b < 0.24 (Cases II-IV), several extrema begin to emerge and the peaks grow with decreasing b. In our numerical simulations, we discovered that closed orbits were only possible when extrema in eqn (8) were present.
A stability analysis is provided in Fig. 4b along with the numerically identified closed orbits. The initial conditions of the closed orbit were identified by simulating the bead's motion for up to 10 000 cycles. After the orbit became stable, we determined the mean position of the orbit along with the time point when the bead reached its mean position. The results indicate that in the frequency range of 60-450 Hz, the beads approach different points on the stable branch of the stability diagram. In the high frequency regime, the equilibrium position of the closed orbit is on top of the micro-magnet towards one of the poles. As the frequency is lowered to 60 Hz, the location of the stable closed orbit shifts towards the middle of the magnet. A second regime is noted below 60 Hz, in which the theoretical and numerically identified closed orbits diverge, most likely due to the reduced validity of our assumption u [ nx $ x . Numerical simulations suggest the location of the closed orbit continues to move towards the middle of the magnet as the frequency is further reduced. At even lower frequencies, we discovered that simulations again approach the theoretical curve of eqn (8) at the location of the unstable branch, which is at the center of the micro-magnet. Conceptually, this position may be unstable because it is the location of weakest magnetic field and thus weakest potential energy.
The lowest frequency that the bead could remain in a closed orbit occurred at the intersection of theory and simulation data at the position we call the devil's gate. This same inflection point occurs for all bead sizes (Fig. 4a) , thus it seems to be a general initial condition that can serve to identify the transition between closed and sub-harmonic orbits, i.e., the onset of the devil's staircase hierarchy commonly observed in non-linear dynamic systems of interacting driven oscillators. We denote this set of initial conditions the devil's gate, because if these initial conditions were used as the starting point of a simulation for any bead size, then a frequency scan can identify the threshold for which the bead transitions into sub-harmonic motion, i.e., enters the devil's staircase hierarchy. The simulation procedure for identifying this frequency threshold is very simple and consists of simulating the bead's motion over one cycle of the driving frequency. The characteristic stopping frequency is identified by the condition in which the ending position of the bead after one cycle changes from moving in the negative direction (back to the location of other closed orbits) to a positive direction where the bead escapes to the next magnet. This theoretical finding significantly simplifies the analysis of this non-linear dynamical system as it allows for the full frequency range of closed orbits to be expeditiously identified.
Another interesting aspect of these simulations is that closed orbits exist only when b is below a critical size range of b < 0.24, where the extrema begin to emerge in Fig. 4 . A phase diagram was constructed for the bead velocity as a function of b in order to identify the regimes where the bead's velocity is phase-locked (hVi ¼ 1), phase slipping but with open orbit (0 < hVi < 1), or phase slipping in a closed orbit (hVi ¼ 0). These results are provided in Fig. 5 , along with the predicted values of u c from eqn (4). The critical frequency can be theoretically predicted for large values of b; however, when b < 0.30, theory and simulation diverge. The maximum b for which beads become trapped in a closed orbit is also plotted as the line b inf .
From an inspection of Fig. 5 , it is clear that the separation resolution between different types of beads will be most efficient when 0.06 < b < 0.20. At these frequencies, the transition between phase-locked and closed orbits is very sharp, i.e., the bead will transition between an open phase-locked orbit (hVi ¼ 1) and a closed spatially bounded orbit (hVi ¼ 0) with very small modulation of the driving frequency. Thus, future magnetic separation systems should focus in this parameter range to most efficiently sort colloidal objects based on their size, charge, mass, or biological activity.
While the mathematics indicates that closed orbits can exist in these systems, it does not provide physical intuition for how or . The boundary of this regime is well predicted by eqn (4) for large b; however, this approximation breaks down when b < 0.30. Closed orbits where hVi ¼ 0 are found only for b < 0.24, where the transition between these two dynamic states is depicted by the boxes (,). These points were identified using the ''devil's gate'' as the initial conditions and the procedure outlined in the main text. In the remaining regions of the phase space (i.e. at large frequencies and for b > 0.24), the bead can never reach a closed orbit and the time averaged velocity is always between 0 and 1. why the bead can actually achieve a closed orbit. The transport of objects by periodic ratchets has been studied extensively by many authors and various physical arguments have been made for how the shape of a finite traveling potential can affect an object's velocity over a long time average. Some prior approaches consider the asymmetry in the potential energy landscape and determine the different time periods that an object resides on one or another side of an inflection point in the potential landscape. If conditions are met such that the object returns to its original position within one driving period, then it is assumed that a closed orbit can exist.
We have analyzed the potential energy surface of the bead as it is moving in the traveling wave, and our simulations suggest that this is exactly what happens during one driving cycle. If the bead does not reach a critical location above the micro-magnets within a given fraction of a driving period, then it is forced onto the backside of the wave, retarding its forward progress. For subharmonic motion, the bead never completely makes it back to its original position, and thus there is a net forward advancement of the bead over each driving cycle. These small advances add up over time until a critical position is breached and the bead can advance to the next magnet. The number of cycles it takes for the bead to advance by one magnet is represented by the different plateaus in the devil's staircase. For closed orbits, on the other hand, the bead can make it back to its original position after one driving cycle, in which case there is zero forward advancement and zero time averaged velocity.
We speculate that the reason this is possible in our experimental system is that the pole density of the substrate is fixed and serves as an attractor for the beads. The external rotating field is trying to drive the beads away from a given fixed point to a neighboring fixed point upstream. If the driving frequency is too fast, or the magnitude of the driving field is too small, the bead will not have enough time to make it past the bifurcation and will remain in the neighborhood of a fixed point. Though this may not be the most satisfying intuitive explanation, it explains the gross experimental behavior. The mathematical description provided here, on the other hand, is more quantitatively satisfying because it allows us to identify not only at what frequencies the closed orbits occur, but also the actual trajectory of a closed orbit as well as their dependence on the bead size and the pole distribution of the substrate. These results will be useful in improving future magnetic separation systems based on this non-linear approach.
Conclusion
We note several key conclusions from this work. First, we show experimentally and theoretically that the superposition of multiple traveling waves can constructively interfere such that the bead becomes entrained in a spatially bounded closed orbit. We show through a combination of theory, simulation, and experiments, that these closed orbits are a result of magnetic forcing dynamics rather than stick/slip motion and adhesion to the substrate. Secondly, we derived an analytical model which predicts the full range of closed orbits that exist for each bead size, and we identified a general set of initial conditions which we denote the ''devil's gate'' which can be used to predict the onset of the devil's staircase hierarchy. We also provide a stability analysis that demonstrates which initial conditions are stable vs. unstable. Thirdly, we constructed a phase diagram that shows the range of bead sizes that will be most efficient at achieving infinite separation resolution (i.e., beads that quickly transition between phase-locked motion and closed orbits with small change in frequency). These findings have relevance in the development of future magnetic separation systems that can achieve infinite separation resolution between beads of different sizes (i.e., systems can be tuned to allow beads of one size to move across the array, while beads of another size remain trapped in closed orbits). These results are scalable to different micro-magnet sizes and thus can be used to increase control of colloidal beads in microfluidic systems. Our methodology for determining transition points and identifying unique sets of initial conditions, which defines transition zones between different non-linear dynamical regimes, may also be of relevance to other fields, ranging from transport through crystalline lattices to other dynamical systems that experience synchronization among large numbers of coupled oscillators.
